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TORIC CONTACT GEOMETRY IN ARBITRARY CODIMENSION
VESTISLAV APOSTOLOV, DAVID M. J. CALDERBANK, PAUL GAUDUCHON,
AND EVELINE LEGENDRE
Abstract. We define toric contact manifolds in arbitrary codimension and give a
description of such manifolds in terms of a kind of labelled polytope embedded into a
grassmannian, analogous to the Delzant polytope of a toric symplectic manifold.
Introduction
Toric contact geometry lies at the interface of of two important themes in contem-
porary geometry. The first is the use of toric methods, beginning with toric varieties
and toric symplectic manifolds, to provide large classes of geometric objects which can
be understood in an essentially combinatorial way. The second is a growing inter-
est in geometries where the tangent bundle is not completely reducible, but is instead
equipped with a distribution (subbundle) or filtration. The simplest nontrivial example
is a (2m + 1)-manifold N equipped with a corank one distribution D ≤ TN which is
locally the kernel of a contact form, i.e., a 1-form θ such that θ∧dθ∧m is a nonvanishing
volume form. The restriction of dθ to D defines a symplectic form on D, and thus
(N,D) may be viewed as an odd-dimensional analogue of a symplectic manifold called
a contact manifold.
Any contact manifold has a canonical symplectization: the total space of the anni-
hilator D0 ≤ T ∗M of D inherits an exact 2-form ΩD from the tautological symplectic
structure on T ∗M , and ΩD is nondegenerate, hence symplectic, on the complement of
the zero section. It follows that contact manifolds, like symplectic manifolds, have no lo-
cal invariants, and it is natural to extend symplectic techniques to contact manifolds. In
particular, a contact (2m+1)-manifold N is toric if its symplectization is, which means
that N has an effective action of an (m + 1)-torus preserving the contact distribution
D, and such toric contact manifolds have been extensively studied.
Our interest here is in extending this theory to higher codimension, more precisely,
to distributions D of corank ℓ > 1 in TN . Such distributions arise naturally in CR
geometry [12], for example on real submanifolds of codimension ℓ > 1 in a complex
manifold, and in subriemannian geometry [25]. However, it is not immediately clear
how best to generalize the nondegeneracy condition, as the obstruction to integrability
of D is now a 2-form on D with values in TN/D, called the Levi form. We suggest
that the most natural nondegeneracy requirement for a contact manifold (N,D) in
codimension ℓ is, as in codimension one, the local existence of a contact form, which
is now a 1-form θ with D ≤ ker θ and dθ|D nondegenerate. This means equivalently
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that the Levi form of D has a nondegenerate component at every point, which is not
as weak as it may seem, because nondegeneracy is a (fibrewise Zariski) open condition.
Thus any contact manifold has a symplectization UD ⊆ D0 (with symplectic form
induced from T ∗N) which meets each fibre of D0 → N in a nonempty Zariski open
subset. The complement of UD in D
0 is then, fibrewise, the cone over a projective
variety (algebraically, a projective hypersurface of degree m, where D has rank 2m)
in P(D), which we call the degeneracy variety of (N,D). In particular, for ℓ > 1, a
contact manifold (N,D) has local invariants except in some low rank cases, and local
classification would involve understanding the deformation theory of arbitrary projective
hypersurfaces.
Despite these difficulties, toric contact geometry in higher codimension turns out to be
surprisingly tractable. A contact manifold (N,D) of dimension 2m+ℓ and codimension
ℓ has a symplectization UD of dimension 2(m + ℓ), hence is toric if it has an effective
action of an (m + ℓ)-torus preserving the contact distribution D. In order to avoid
technical difficulties appearing already in codimension 1, we also require that there is
an ℓ-subtorus whose orbits are transverse to the contact distribution. In this setting, we
find that despite the presence of local invariants, toric contact geometry is essentially
encoded in a natural generalization of the momentum polytope of a toric symplectic
manifold, namely a kind of polytope in the grassmannian of ℓ-dimensional subspaces of
the dual of the Lie algebra of the torus (which is just the projectivization when ℓ = 1).
Thus the theory still has a strong combinatorial flavour, and the local invariants arise
simply because polytopes in a grassmannian are more flexible than polytopes in an
affine or projective space.
In more detail, the contents and main results of the paper are as follows. After
defining contact manifolds and their symplectizations in §1.1 (and giving some simple
examples, including products of odd dimensional spheres), we begin the study of contact
actions in §1.2. Here we introduce as Condition 1, the transversality property that we
use to avoid some technicalities in the theory. We also note that a local contact action
satisfying this condition induces a family of 2-forms on D which we call Levi structures.
In a companion paper [1], we use nondegenerate Levi structures, in the CR context, to
construct Ka¨hler metrics on quotients by transverse actions. While we do not pursue
this angle in the present paper, our approach is in part motivated by it.
We begin our study of contact actions of a torus by introducing the local theory in
§2.1. Here Levi structures are induced by Levi pairs (g, λ), where g is a subalgebra
of the infinitesimal torus tN acting on the contact manifold N and λ ∈ g∗ picks out a
component of the Levi form. We introduce fundamental methodology, Stratagem 1, for
parametrizing such pairs (g, λ) by maps to the quotients k = tN/g and h = tN/ ker λ.
This stratagem is closely linked to the affine geometry of momentum maps for hamil-
tonian torus actions, which we review in Appendix A. We thus see that a Levi pair
provides an affine slice of the momentum map for the hamiltonian tN action on the
symplectization UD of N .
The central idea of the paper, the grassmannian momentum map of Definition 7,
is a way to package these slices together in a single compact object (analogous to
the polytope of a compact toric symplectic manifold or orbifold) in the grassmannian
Grℓ(t
∗
N) of ℓ-dimensional subspaces of t
∗
N , which we call the grassmannian image of N .
When the tN action integrates to an effective contact action of a torus TN on N ,
properties of the grassmannian image can be derived from fairly standard properties
of the TN action on N and UD. In §2.2, we apply the standard theory of symplectic
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slices to obtain a local model for these actions. Then in §2.3, we obtain a connectedness
and convexity result for the slices of tN action on UD given by a Levi pair. This
is essentially a special case of a convexity result for transverse symplectic foliations
obtained independently by Ishida [17], and follows easily from the methods of Atiyah [2].
These preparations lead us to our main results on toric contact manifolds. In sec-
tion §3.1, we show that the quotient of N by TN is a simple polytope in the sense that
it is at least a manifold with corners. We improve this in §3.2, where we show that any
Levi pair (g, λ) provides a diffeomorphism of the quotient N/TN with a simple poly-
topes in the affine subspace of t∗N defined by (g, λ). This shows that the grassmannian
momentum map induces an embedding of N/TN into Grℓ(t
∗
N ) whose image is polyhedral
submanifold with corners as in Definition 14.
We would like to prove that toric contact manifolds are classified by their grassman-
nian image, with a suitable labelling of the codimension one faces. This is true locally
by the local models obtained in §2.2 using symplectic slices. However, as in toric sym-
plectic geometry [24] and toric contact geometry in codimension one [22], there remains
a local-to-global question governed by the cohomology of a sheaf. Thus we have the
following result.
Theorem. The grassmannian image Ξ of a compact toric contact manifold of Reeb
type (N,D,K) is Delzant and polyhedral of Reeb type in Grℓ(t
∗
N ), and there is a sheaf
conT(D) on Ξ such that toric contact manifolds of Reeb type with grassmannian image
Ξ are parametrized up to isomorphism by H1(Ξ, conT(D)).
The terminology in this theorem is defined in §3.3, where we prove that the grassman-
nian image has these properties, and establish the uniqueness, modulo H1(Ξ, conT(D)),
of (N,D,K) given Ξ. Then in §3.4, we prove that any such Ξ arises in this way.
In contrast to the symplectic and codimension one cases, conT(D) is the sheaf of
solutions of a linear partial differential equation (for infinitesimal contactomorphisms),
which is overdetermined and typically not involutive. We show that H1(Ξ, conT(D))
vanishes in special cases, such as when (N,D,K) is a product of codimension one toric
contact manifolds. However, it remains an open question whether it vanishes in general.
1. Contact geometry in arbitrary codimension
1.1. Levi nondegenerate distributions and symplectization. Let N be smooth
manifold of real dimension 2m+ℓ equipped with a rank 2m vector distribution D ≤ TN .
Let D0 be the annihilator of D, which is a rank ℓ subbundle of T ∗N . We thus have dual
short exact sequences of vector bundles
0→ D→ TN
qD−→ TN/D→ 0
0→ D0 → T ∗N → D∗ → 0,
where the transpose of the quotient qD : TN → TN/D identifies D0 canonically with
(TN/D)∗: thus we identify an element or section α of (TN/D)∗ with α ◦ qD in D0.
Definition 1. The Levi form LD : ∧
2D→ TN/D of D ≤ TN is defined, using sections
X, Y ∈ Γ(D), by the tensorial expression
(1) LD(X, Y ) = −qD([X, Y ]).
The nondegeneracy locus of D is the open subset
UD = {α ∈ D
0 ∼= (TN/D)∗ | α ◦ LD is nondegenerate}
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ofD0. We sayD is Levi nondegenerate, and (N,D) is contact of rank m and codimension
ℓ, if UD has nonempty intersection with each fibre of D
0 over N . A (local) section of UD
is called a (local) contact form on N . We often describe UD by its complement, which
is (the bundle of cones over) the degeneracy variety
VD = {[α] ∈ P(D
0) | α ◦ LD is degenerate},
viewed as a bundle of submanifolds of the fibrewise projectivization P(D0) of D0.
Our normalization of the Levi form is chosen so that for any section α of D0, the
restriction of dα to ∧2D ≤ ∧2TN is α ◦ LD. A Levi nondegenerate distribution D has
local frames α1, . . . αℓ for D
0 in UD, and hence each fibre of the degeneracy variety VD
is the projective hypersurface of degree m where (
∑ℓ
i=1 tiαi) ◦ LD degenerates (i.e., the
determinant, a homogeneous degree m polynomial in the ℓ variables t1, . . . tℓ, vanishes).
Examples 1. (i) The projectivization P(W ) = W×/R× ∼= RP 2m+1 of a symplectic
vector space (W,ω) (with dimW = 2m + 2) is contact of codimension one, where
Dξ = Hom(ξ, ξ
⊥/ξ) ≤ Hom(ξ,W/ξ) = TξP(W ) and ξ
⊥ is the orthogonal space to ξ
with respect to ω; thus UD = D
0 \ 0 and the degeneracy variety VD is empty. The odd
dimensional sphere S2m+1 ∼= W×/R+ (the space of rays in W ) is also contact, being a
double cover of P(W ).
(ii) If (Ni,Di) are contact manifolds, with codimensions ℓi, for i ∈ {1, . . . n}, then so
is (
∏n
i=1Ni,D1 ⊕ · · · ⊕ Dn), with codimension ℓ = ℓ1 + · · · + ℓn and UD =
∏n
i=1 UDi .
In particular, the product of n = ℓ codimension one spheres S2m1+1 × · · · × S2mℓ+1 is
a contact manifold with codimension ℓ, where each fibre of UD is the disjoint union
of the 2ℓ open ℓ-quadrants (simple cones) spanned by ±η1, . . . ,±ηℓ. Each fibre of the
degeneracy variety VD is thus an union of ℓ-hyperplanes (i.e., the facets of an (ℓ − 1)-
simplex) with multiplicities mi.
(iii) Another special case, studied in [6, 11], is that of ℓ-contact manifolds. In the
terminology of this paper, these are contact manifolds (N,D) of rankm and codimension
ℓ for which the Levi form LD : ∧
2D → TN/D has rank one (but this component is
nondegenerate) at every point. Equivalently, each fibre of the degeneracy variety VD is
a single hyperplane of multiplicity m.
(iv) The case that the degeneracy variety VD is empty (i.e., in each fibre, it has no real
points) has been studied in subriemannian geometry as a natural generalization of the
codimension one case [25]. This condition means equivalently that for any z ∈ N and
any nonzero X ∈ TzN , LD(X, ·) : Dz → TzN/Dz is surjective. A distribution with this
property is called fat.
Definition 2. A diffeomorphism Ψ between contact manifolds (N,D) and (N ′,D′) is
called a contactomorphism if Ψ∗(D) = Ψ
∗
D
′ ≤ Ψ∗TN ′. We denote by con(N,D) the
Lie algebra of infinitesimal contactomorphisms of (N,D), i.e., the space of vector fields
X on N such that
LXΓ(D) ⊆ Γ(D).
We now show that UD ⊆ D0 ≤ T ∗N (or any connected component of UD) provides a
“symplectization” of N , to which contactomorphisms lift as hamiltonian vector fields.
For this recall that the tautological 1-form τ on T ∗N is defined by τα = α ◦ p∗, where
α ∈ T ∗N and p∗ is the differential of the projection p : T ∗N → N . The latter fits into
an exact sequence
(2) 0→ p∗T ∗N → T (T ∗N)
p∗
→ p∗TN → 0,
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where (the image of) p∗T ∗N is the vertical bundle of T ∗N . The canonical symplectic
form on T ∗N is then Ω = dτ . For any local section α of T ∗N , α∗τ = α and hence
α∗Ω = α∗dτ = d(α∗τ) = dα. Since τ vanishes on p∗T ∗N , so does Ω, and the induced
pairing between p∗T ∗N and p∗TN the natural one: for any 1-form α and any lift X˜ of
a vector field X on N , Ω(p∗α, X˜) = d(τ(X˜))(p∗α) = α(X), since τ(X˜) : T ∗N → R is
evaluation at X , which is linear on the fibres of p.
Any vector field X on N admits a natural lift to T ∗N , whose local flow is the natural
lift of the local flow of X . For further use, we recall the following well-known facts.
Proposition 1. The natural lift of any vector field X on N to TN is the unique lift
X˜ with LX˜τ = 0; it is hamiltonian with respect to Ω, with momentum map α 7→ α(X),
and is given by X˜α = α∗(X)− p∗LXα for any extension of α ∈ T ∗N to a local section.
Proof. The natural lift of any diffeomorphism of N to T ∗N preserves τ (by its tautolog-
ical construction), and hence the natural lift of X preserves τ . On the other hand for
any vector field X˜ on T ∗N preserving τ , 0 = LX˜τ = ιX˜Ω + d(τ(X˜)), so X˜ has hamil-
tonian τ(X˜). If X˜ is a lift of X then τ(X˜)(α) = α(X), which determines X˜ uniquely
from X . For the final formula, observe that α∗(ιX˜Ω) = −d(α(X)) = ιXdα − LXα =
α∗(ια∗(X)Ω−ιp∗LXαΩ), since α
∗(ια∗(X)Ω) = ιX(α
∗Ω) = ιXdα; from this the result follows
by nondegeneracy of Ω. 
Let τD be the pullback of τ to D0 ≤ T ∗N , so that ΩD := dτD is the pullback of Ω.
Henceforth, p will denote the bundle projection of D0 rather than T ∗N above, and we
now have an exact sequence
(3) 0→ p∗D0 → TD0
p∗
→ p∗TN → 0.
Proposition 2. For a contact manifold (N,D), UD is the open subset of D
0 on which
ΩD is nondegenerate, hence a symplectic form. Also, for any contact form α : N → UD,
TN = D⊕Kα, where Kα is the distribution orthogonal to D via dα. The natural lift of
any X ∈ con(N,D) to T ∗N is tangent to D0, and its restriction defines an isomorphism
between con(N,D) and the space of projectable vector fields X˜ on D0 with LX˜τ
D = 0.
Proof. The restriction of ΩDα to Vα(D
0)×TzN descends to the canonical nondegenerate
pairing between Vα(D
0) ∼= D0z and TzN/Dz. Hence Ωα is nondegenerate if and only
if α∗ΩD = dα is nondegenerate on D for any extension of α to a local section. But
dα|D = α ◦ LD, which proves the first part. The second part is immediate from the
nondegeneracy of dα on D.
For the last part, observe that the local flow of X ∈ con(N,D) preserves D, hence
its natural lift to T ∗N preserves D0, i.e., the induced vector field is tangent to D0.
The restriction X˜ to D0 is clearly a lift of X , hence projectable, and LX˜τ
D = 0 since
τD is the pullback of τ . Conversely if a lift X˜ of X to D satisfies LX˜τ
D = 0 then
for any section Y of D, any lift Y˜ of Y to D0, and any α ∈ D0, 0 = (LX˜τ
D)α(Y˜ ) =
−τDα ([X˜, Y˜ ]) = α(p∗[X˜, Y˜ ]) = α([p∗X˜, p∗Y˜ ]) = α(LXY ). Hence LXY is a section of D,
i.e., X ∈ con(N,D). Furthermore, if fX : D0 → R is defined by fX(α) = α(X) then
dfX + ιX˜Ω
D = 0, which determines X˜ uniquely from X on UD, hence on D
0, since UD
is dense in D0. 
We refer to Kα as the Reeb distribution of α.
If we identify D0 with (TN/D)∗, then the function fX : D
0 → R with fX(α) = α(X)
is the fibrewise linear form defined by qD(X) ∈ TN/D. Since fX is a hamiltonian for
the lift X˜ on UD, it follows that X˜ is in fact uniquely determined by qD(X).
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Remark 1. The degeneracy variety is a local contact invariant of a contact manifold
(N,D). For example S1×S5 and S3×S3 cannot be even locally contactomorphic because
the degeneracy variety of the latter has two points in each fibre, whereas the former
has only one (with multiplicity two). Also the lift X˜ to D0, for any X ∈ con(N,D)
must preserve (the cone over) the degeneracy variety. Thus although con(N,D) may be
identified with a linear subspace of Γ(TN/D), this linear subspace is typically small.
1.2. Local contact actions and transversality. Effective actions of Lie groups by
contactomorphisms on (N,D) may be described locally as follows.
Definition 3. A (local, effective) contact action of a Lie algebra g on a contact manifold
(N,D) is a Lie algebra monomorphism K : g → con(N,D). For v ∈ g, we write Kv for
the induced vector field K(v), and we define κg : N × g → TN by κg(z, v) = Kv,z. Let
Kg ≤ TN be the image of κg, i.e., Kgz := span{Kv,z | v ∈ g}.
Observation 1. Let K : g → con(N,D) be a local contact action of g on (N,D) and
define µg : D
0 → g∗ by 〈µg(α), v〉 = α(Kv) for α ∈ D0 and v ∈ g. Then the lift of
K to T ∗N preserves D0, and the induced local action K˜ is hamiltonian on UD with
momentum map µg|UD ; in particular 〈dµg(K˜v), w〉 = −〈µg, [v, w]g〉 for all v, w ∈ g.
This is immediate from the discussion at the end of §1.1.
Example 2. Let G be a Lie group of dimension ℓ with Lie algebra g and let π : N →M
be a principal G-bundle with connection η : TN → g, where dimM = 2m. Then
D := ker η is a rank 2m distribution on N , G acts on (N,D) by contactomorphisms,
and η induces a bundle isomorphism of TN/D with N × g. In this trivialization, the
Levi form of D is dη + 1
2
[η ∧ η]g, the pullback to N of the curvature F η of η.
Suppose K : g → con(N,D) is a local contact action where (N,D) is contact of
codimension ℓ = dim g. Abstracting the local geometry of Example 2, we say the action
of g is transversal if the following condition holds.
Condition 1. At every point of N , D+Kg = TN . Equivalently:
(i) rankKg = ℓ everywhere on N ;
(ii) D ∩Kg is the zero section of TN (and thus TN = D⊕Kg).
The composite qD ◦ κg : N × g→ Kg → TN/D is a bundle isomorphism and so there
is a canonically defined 1-form ηg : TN → g, characterized by
ker ηg = D and ∀ v ∈ g, ηg(Kv) = v.
We also denote by ηg the induced map from TN/D to g. We can now verify the usual
properties of a connection 1-form.
Lemma 1. Let η = ηg denote the g-valued 1-form of a contact action on N satisfying
Condition 1. Then for any v ∈ g, LKvη+[v, η]g = 0, and dη+
1
2
[η∧ η]g = η ◦LD, where
LD is extended by zero from D to TN = D⊕Kg.
Proof. For any v ∈ g, Kv preserves D and Kg, hence also κg ◦ η : TN → Kg. Thus
0 = Lv(K ◦ η)(X) = (LvK)(η(X)) +K(LKvη)(X).
Since K is a morphism of Lie algebras, (LKvK)(w) = [Kv, Kw] = K([v, w]g), so
(LKvη)(X)+ [v, η(X)]g = 0 by the injectivity of K. Now for X, Y ∈ Γ(D) and v, w ∈ g,
dη(X + Kv, Y + Kw) = −η([X + Kv, Y + Kw]) = −η([X, Y ]) − [η(Kv), η(Kw)]g =
η(LD(X +Kv, Y +Kw))− [η(X +Kv), η(Y +Kw)]g. 
TORIC CONTACT GEOMETRY IN ARBITRARY CODIMENSION 7
Since K : g→ con(N,D) is a Lie algebra morphism, Kg is an integrable distribution,
equal to Kα for any contact form α such that α(Kv) is constant for all v ∈ g. For any
λ ∈ g∗, define ηλ = ηg,λ : N → D0 by ηλz (X) = 〈ηz(X), λ〉, so that η
λ(Kv) = λ(v) and
dηλ|
D
= 〈dη|
D
, λ〉 = ηλ ◦ LD is the λ-component of the Levi form of D.
Definition 4. For a contact action K : g→ con(N,D) satisfying Condition 1, we refer
toKg and its integral submanifolds as the associated Reeb distribution and Reeb foliation
transverse to D. For λ ∈ [g, g]0 ≤ g∗, we call (D, dηλ|
D
) the induced Levi structure; it
is said to be nondegenerate dηλ|
D
is, i.e., ηλ is a contact form (UD-valued).
2. Contact torus actions
2.1. Abelian local contact actions. Suppose that K : tN → con(N,D) is a local
contact action of an abelian Lie algebra tN on a contact manifold (N,D). Let
κ := κtN : N × tN → TN, with κ(z, v) = Kv,z, and
µ := µtN : D
0 → t∗N , with 〈µ(α), v〉 = α(Kv),
so that (p, µ) : D0 → N × t∗N is the pointwise transpose of qD ◦κ : N × tN → TN/D. By
Observation 1, K lifts to a hamiltonian action on UD with momentum map µ|UD. The
following is the main tool in our analysis of abelian local contact actions.
Definition 5. An ℓ-dimensional subalgebra ιg : g →֒ tN and an element λ ∈ g∗ \ 0
together form a Levi pair (g, λ) for K if:
• g acts transversally on N via K, i.e., Kg := span{Kv,z | v ∈ g} satisfies Condition 1.
Let η : TN → g be the connection 1-form of g; we say (g, λ) is nondegenerate if:
• ηλ = 〈η, λ〉 is a contact form, i.e., (D, dηλ|
D
) is a nondegenerate Levi structure.
Thus (p, µg) : D
0 → N × g∗, with µg := ι⊤g ◦ µ, is an isomorphism. We say (N,D,K) is
Reeb type if it admits a nondegenerate Levi pair.
Let (g, λ) be a Levi pair. For any v ∈ tN , (dηλ)(Kv, ·) = −d(ηλ(Kv)). We may
thus view ηλ(Kv) = 〈µ(ηλ), v〉 as the “horizontal momentum” of Kv with respect to the
Levi structure (D, dηλ|
D
). Observe that if v ∈ g, ηλz (Kv) = 〈v, λ〉, which vanishes for
v ∈ ker λ ≤ g. Hence z 7→ µ(ηλz ) ∈ t
∗
N takes values in (ker λ)
0 ∼= (tN/ ker λ)∗.
Stratagem 1. For any pair (g, λ) with g ≤ tN and λ ∈ g∗ \ 0, the quotient tN/ ker λ is
an extension by R of the quotient tN/g. To allow (g, λ) to vary, it is convenient to fix
this extension h → k (where h and k are abelian Lie algebras of dimensions n − ℓ + 1
and n− ℓ for n = dim tN ); then the commutative diagram
0 ✲ g
ιg
✲ tN
u
✲ k ✲ 0
0 ✲ R
λ
❄ ε
✲ h
L
❄ d
✲ k
www
✲ 0.
of short exact sequences associates pairs (g, λ), with tN/ ker λ ∼= h, to surjective linear
maps L : tN → h (thus g is the kernel of u := d ◦ L, and λ is induced by L|g).
Let A ⊆ h∗ be the affine subspace (ε⊤)−1(1) modelled on k∗; then h may be identified
with the affine linear functions ℓ : A→ R, whence dℓ ∈ k is the linear part of ℓ ∈ h.
If (g, λ), defined by L : tN → h, is a Levi pair, then the map µλ : N → A ⊆ h∗,
determined uniquely by the formula
(4) 〈µλ(z),L(v)〉 = ηλz (Kv)
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for all z ∈ N and v ∈ tN , will be called the horizontal (natural) momentum map of
(D, dηλ|
D
) (cf. Appendix A). Equivalently the diagram
N
ηλ
✲ UD
h∗
µλ
❄ L⊤
✲ t∗N
µ
❄
commutes, i.e., L⊤ ◦ µλ = µ ◦ ηλ.
Lemma 2. Let (N,D,K) be a contact manifold with an abelian local contact action.
Then the following are equivalent.
(i) (N,D,K) admits a nondegenerate Levi pair in a neighbourhood of any point.
(ii) (p, µ) : D0 → N × t∗N is injective.
(iii) qD ◦ κ : N × tN → TN/D is surjective.
Proof. The last two conditions are equivalent because (p, µ) is the transpose of qD ◦ κ.
Over any open neighbourhood where there is a nondegenerate Levi pair, (p, µg) is an
isomorphism and hence (p, µ) is injective. Conversely, if qD ◦ κ surjects, a complement
to the kernel at a point gives a locally transversal subalgebra ιg : g →֒ tN , hence also
a Levi pair: UD is open with nonempty fibres, so we can find λ ∈ g
∗ such that ηλ is
locally a contact form. 
Remark 2. If N is compact, {λ ∈ g∗ \ 0 | ηλ ∈ Γ(UD)} is an open cone Cg ⊆ g∗.
Definition 6. (N,D,K) is locally Reeb type if the conditions of Lemma 2 hold.
For a vector space t of dimension n ≥ ℓ, we denote by Grℓ(t∗) the grassmannian of ℓ-
dimensional subspaces of t∗. This is a manifold of dimension ℓ(n− ℓ) with distinguished
affine charts defined as follows. Let ιg : g →֒ t be an ℓ-dimensional subspace of t and
let Grgℓ(t
∗) = {ξ ∈ Grℓ(t∗) | ι⊤g (ξ) = g
∗} be set of subspaces ξ ≤ t∗ complementary to
the kernel of ι⊤g : t
∗ → g∗. Then Grgℓ(t
∗) is an open subset of Grℓ(t
∗), and is isomorphic
to the affine space {θ ∈ Hom(g∗, t∗) | ι⊤g ◦ θ = Idg∗} via the map sending θ to im θ. The
inverse sends ξ ∈ Grgℓ(t
∗) to ψg(ξ) : g
∗ → t∗ where
(5) for λ ∈ g∗, 〈ψg(ξ), λ〉 ∈ t
∗ is the unique point in (ι⊤g )
−1(λ) ∩ ξ.
Definition 7. Let K = KtN = imκ, E := im(p, µ) ≤ N × t∗N , and Θ := E
0 = ker(qD ◦
κ) = κ−1(D) ≤ N × tN . If (N,D,K) is locally Reeb type, K ∩D has codimension ℓ in
K and E is a rank ℓ subbundle of N × t∗N (with E
∗ ∼= (N × tN)/Θ ∼= TN/D). Thus E
defines a smooth map N → Grℓ(t∗N ); z 7→ Ez which we call the grassmannian momentum
map of (N,D,K), and also denote by E .
Remark 3. If (g, λ) is a nondegenerate Levi pair (over an open subset of N) then E takes
values in the affine chart Grgℓ(t
∗
N ) (on that open subset) and 〈ψg◦E , λ〉 = µ◦η
λ = L⊤◦µλ.
Example 3. Let us revisit Examples 1.
(i) The codimension one case is particularly straightforward as Gr1(t
∗
N) is just the
projectivization of t∗N and the grassmannian momentum map E : N → P(t
∗
N ) is just the
projectivization of the momentum map µ on UD, i.e., Ep(α) = [µ(α)]. In particular, if
N = S2m+1 = W×/R+ and tN is the Lie algebra of the diagonal (m + 1)-torus with
respect to a basis of W , then imµ is the union of the standard quadrant in t∗N and its
negation. Hence im E is the projectivization of this quadrant, the standard simplex.
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(ii) Let N = S2m1+1×· · ·×S2mℓ+1 be a product of ℓ contact spheres S2mi+1 =W×i /R
+,
with the product local contact action of an abelian Lie algebra tN =
⊕ℓ
i=1 ti, where
ti has dimension mi + 1 and acts diagonally on Wi as in (i). Then, via the natural
embedding of
∏ℓ
i=1 P(t
∗
i ) into Grℓ(t
∗
N), sending (U1, . . . Uℓ) to U1 ⊕ · · · ⊕ Uℓ, the image
of E is a product of simplices in Grℓ(t∗N ).
Proposition 3. Let K : tN → con(N,D) be an abelian local contact action. If K is
locally Reeb type, the lift K˜ of K to D0 → N is transverse to the fibres, i.e., if Kv,z = 0
(for v ∈ tN , z ∈ N) then K˜v is identically zero along D0z = p
−1(z).
Proof. Since (p, µ) : D0 → N× t∗N is a monomorphism of vector bundles, it is an immer-
sion. However, for any v ∈ tN , dµ(K˜v) = 0 by equivariance of µ, so if Kv,z = p∗(K˜v)z =
0, then d(p, µ)(K˜v) = 0 along p
−1(z), hence K˜v = 0 along p
−1(z). 
Hence for any α ∈ D0, the infinitesimal stabilizer stabtN (α) = stabtN (p(α)). Since
ker κ ≤ ker qD ◦ κ = Θ, for any z ∈ N , stabtN (z) ≤ Θz and hence Ez ≤ stabtN (z)
0.
2.2. Symplectic slices for torus actions. Let (N,D) be a contact manifold of rank
m and codimension ℓ, and let TN = tN/2πΛ be a (real) torus with (abelian) Lie algebra
tN = Λ⊗Z R, where Λ is the lattice of circle subgroups of TN .
Definition 8. A contact torus action of TN on N is a local contact action K : tN →
con(N,D) which integrates to an effective (i.e., faithful) action of TN .
We recall the construction of a symplectic slice along an TN -orbit TN ·α for α ∈ UD.
The isotropy representation of StabTN (α) on TαUD induces an effective linear action,
symplectic with respect to ω = ΩDα , of any subtorus H ≤ StabTN (α). Since TN · α is
isotropic with respect to ΩD, the isotropy representation has an H-invariant filtration
(6) 0 ≤ Tα(TN · α) ≤ Tα(TN · α)
⊥ ≤ TαUD,
where ⊥ denotes the orthogonal space with respect to ω = ΩDα .
Remark 4. There is also [2, 10, 24] an H-invariant ω-compatible complex structure on
TαUD and a decomposition (TαUD, ω) =
⊕k
i=0(Wi, ωi) into H-invariant ω-orthogonal
symplectic subspaces, so the induced representation of H (or its Lie algebra h) on Wi
has weight βi ∈ h∗ for i ∈ {0, . . . k}. We assume β0 = 0 and βi 6= 0 for i > 0, so
W0 ≤ TαUD is the tangent space to the fixed point set of H at α. Since the H-action
is effective, the weights β1, . . . βk span the weight lattice of h
∗, dual to the lattice Λ∩ h.
Note that Tα(TN · α) ≤W0 and Tα(TN · α)⊥ +W0 = TαUD.
When H is the identity component Hα of StabTN (α) and hα := stabtN (α),
Tα(TN · α) ∼= tN/hα and TαUD/Tα(TN · α)
⊥ ∼= (tN/hα)
∗ ∼= h0α ≤ t
∗
N .
Definition 9. The middle composition factor in (6),
W α := Tα(TN · α)
⊥/Tα(TN · α),
is called the symplectic isotropy representation. By Remark 4, W α ∼= W α0 ⊕
⊕k
i=1Wi,
where W α0 =
(
Tα(TN · α)⊥ ∩W0
)
/Tα(TN · α) and Wi are the nonzero weight spaces of
Hα (with weights βi ∈ h
∗
α). The momentum map µW : W
α → h∗α of the Hα-action is
(7) µW (w0, w1, . . . wk) =
k∑
i=1
|wi|
2βi
10 V. APOSTOLOV, D.M.J. CALDERBANK, P. GAUDUCHON, AND E. LEGENDRE
for all w0 ∈ W α0 and (w1, . . . wk) ∈
⊕k
i=1Wi. The image of µW is thus the convex cone
Cα in h∗α generated by the nonzero weights β1, . . . βk of W
α.
To construct a model for a neighbourhood of TN · α, observe that T ∗TN ×W α ∼=
TN × t∗N × W
α is a symplectic manifold with commuting hamiltonian actions of TN
(the right action on T ∗TN ) and StabTN (α) (the diagonal left action), where the latter
has momentum map (g, ξ, v) 7→ µW (v) − ξ|hα. By the orbit-stabilizer theorem TN is a
principal StabTN (α)-bundle over TN · α
∼= TN/StabTN (α), and if we choose a splitting
χ : tN → hα, we may identify the symplectic quotient of T ∗TN ×W α by StabTN (α) at
the zero momentum level (ξ|hα = µW (v)) with the associated vector bundle
(8) Y := TN ×StabTN (α) (W
α ⊕ h0α)
over TN/StabTN (α). The induced action of TN is hamiltonian with momentum map
(9) µχ([g, v + ξ]) = µ(α) + χ
⊤(µW (v)) + ξ,
where g ∈ TN , v ∈ W α and ξ ∈ h0α. The Symplectic Slice Theorem [3, 19, 21, 22, 24]
now asserts the following.
Lemma 3. For any splitting χ, there is a TN -invariant neighbourhood U of the orbit TN ·
α ⊆ UD and a TN -equivariant symplectomorphism Ψχ from (U ,Ω) to a neighbourhood
of the zero section of (Y ,Ωχ) such that µ|U = µχ ◦Ψχ.
Thus µ− µ(α) maps U to a neighbourhood of 0 ∈ h0α ⊕ χ
⊤(Cα).
2.3. Orbit stratification and convexity. The theory of effective proper abelian
group actions [3, 14] implies that for H ≤ TN ,
N(H) = {z ∈ N | H = StabTN (z)} ≤ N
H = {z ∈ N | H ≤ StabTN (z)}
is an open submanifold of a closed submanifold of N , and if N(H) is nonempty (for which
H must be a closed subgroup) then it is dense in the fixed point set NH of H .
Definition 10. The connected components of N(H), for H ≤ TN , and their closures
(which, if nonempty, are connected components of NH) are called the open and closed
orbit strata of (N,K). (Thus the open orbit strata partition N .) The combinatorics
ΦN of (N,K) is the poset of closed orbit strata, partially ordered by inclusion.
Proposition 4. Let K be a contact torus action of TN on a contact manifold (N,D)
of codimension ℓ with locally Reeb type, let i : N ′ → N be the inclusion of a closed orbit
stratum N ′ ∈ ΦN , let D′ = TN ′ ∩D, and let H be the kernel of the induced TN -action
on N ′. Then (N ′,D′) is a contact manifold of codimension ℓ, with UD′ ∼= i∗UD, and K
induces a contact torus action of TN/H on N
′ which is locally Reeb type.
Proof. The local Reeb type condition means that D ∩ K has codimension ℓ in K (the
tangent distribution to the TN orbits). Since i
∗K ≤ TN ′, D′ has codimension ℓ in TN ′,
and i⊤∗ : i
∗T ∗N → T ∗N ′ restricts to an isomorphism i∗D0 → (D′)0, which identifies UD′
with i∗UD (since the induced map (D
′)0 → D0 pulls the tautological 1-form τD back to
the corresponding τD
′
). Hence (N ′,D′) is contact and the rest is immediate. 
Note that H = StabTN (z) for any z in the open orbit stratum corresponding to N
′.
If a contact torus action K of TN on N has locally Reeb type, Proposition 3 implies
that the hamiltonian TN -action on UD is transverse to the fibres of p : D
0 → N . Thus
for any subtorus H ≤ TN , the fixed point set of H in UD is p−1(NH).
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Recall that the critical submanifolds of a smooth function f : N → R are the con-
nected components of the zero-set of df ; then f is called a Morse–Bott function if along
any critical submanifold, its transverse hessian is nondegenerate.
Lemma 4. Suppose (N,D,K) has Reeb type. Then for any nondegenerate Levi pair
(g, λ) and any v ∈ tN , f := ηλ(Kv) is a Morse–Bott function on N whose critical
submanifolds all have even index.
Proof cf. [2]. Since d(η(Kv)) = −(dη)(Kv, ·) and dηλ has kernel Kg, a point z ∈ N is
critical for f iff Kv,z ∈ Kg, in which case d(η(Kv))z = 0. This holds iff ∃w ∈ g such that
Kv−w vanishes at z, and since η
λ(Kv−w) = f−〈w, λ〉 has the same critical submanifolds
as f , we may assume w = 0. Let Z be the critical submanifold of f containing z; since
η(Kv)z = 0 and d(η(Kv))|Z = 0, it follows that Kv vanishes along Z and hence Z is a
component of the fixed point set NH of the subtorus H of TN generated by exp(Kv).
By Remark 4, with α = ηλz , the tangent space TαUD decomposes into symplectic weight
spaces and the zero weight space is the tangent space to p−1(Z). Hence the normal
bundle to Z in N is isomorphic to the sum of the nonzero weight spaces. The trans-
verse hessian of f at z is the hermitian form (w1, . . . wk) 7→
∑
i βi(v)|wi|
2, which is
nondegenerate of even index because Kv generates H . 
Proposition 5. Let (N,D) be a compact connected contact manifold of rank m and
codimension ℓ with a contact action of a torus TN with Lie algebra tN . Assume that the
action is Reeb type with Levi pair (g, λ).
For any v1, . . . vk ∈ tN , the map f : N → Rk with components fi = ηλ(Kvi) satisfies
(A) all fibres f−1(x) are empty or connected ;
(B) the image f(N) is convex.
Further, if Zj : j ∈ I are the connected components of the set of common critical points
of fi, then f(Zj) = {pj} is a single point and f(N) is the convex hull of {pj | j ∈ I}.
The proof is essentially identical to the proof of the symplectic convexity theorem by
M. Atiyah [2] (see also [15]): the key ingredient is Lemma 4, which makes essential use of
Condition 1 (the transversality property of the subalgebra g). Without this assumption,
convexity may fail even in codimension one [20], although in that case, the conditions
needed for convexity are well understood [9, 21, 22, 23]. A similar convexity result for
transverse symplectic foliations has been obtained recently by Ishida [17].
3. Toric contact manifolds
3.1. The quotient manifold with corners. If (N,D) is contact of rank m, then
rankK ∩D ≤ m, and hence dim tN ≤ m+ ℓ. On any open set where rankK = m+ ℓ,
(N,D,K) is locally Reeb type.
Definition 11. A compact contact manifold (N,D) of rank m and codimension ℓ with
a contact torus action K of TN is toric if it is locally Reeb type and dimTN = m+ ℓ.
When (N,D,K) is toric, UD is a (noncompact) toric symplectic manifold under the
lifted hamiltonian TN -action K˜ of Observation 1.
Lemma 5. Let (N,D,K) be a toric contact manifold of codimension ℓ. Then its
closed orbit strata are toric contact of codimension ℓ, and for any z ∈ N , its stabilizer
H := StabTN (z) is connected (i.e., a subtorus). For any α ∈ p
−1(z), H = StabTN (α)
and the normal bundle in N to the fixed point set NH is isomorphic to the symplectic
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isotropy representation of H, which is a direct sum of 2-dimensional symplectic subrep-
resentations whose weights form a basis for the weight lattice of stabtN (z)
∗.
Proof cf. [10, 24]. Let m be the rank of N , z ∈ N , α ∈ p−1(z) and dim stabtN (z) = k.
Thus TN/H has dimension m+ ℓ − k, UD has dimension 2(m + ℓ) and the symplectic
isotropy representation W α has dimension 2(m+ ℓ)− 2(m+ ℓ− k) = 2k. The nonzero
weights span stabtN (α)
∗, so they are linearly independent with 2-dimensional weight
spaces, andW α0 = 0. Hence the open orbit stratum through z has dimension 2(m−k)+ℓ
and its closure is toric by Proposition 4. Since maximal tori in Sp(2k) are maximal closed
abelian subgroups, H is connected, and is therefore equal to StabTN (α). 
Thus inverse images under p of orbit strata in N are orbit strata in UD, and Lemma 3
specializes as follows.
Proposition 6. For any α ∈ UD, there is a TN -invariant neighbourhood U of the orbit
TN ·α ⊆ UD on which image of the momentum map µ|U − µ(α) is a neighbourhood of 0
in the product of a quadrant with stabtN (α)
0 in t∗N , it is a submersion over the interior
of this cone, and the fibres (in U) are TN -orbits.
Karshon and Lerman [19] observe that these charts make UD/TN into a manifold
with corners. Recall (see e.g. [18]) that an m-dimensional manifold with corners is a
Hausdorff topological space Q equipped with a subsheaf of the continuous functions
which is locally isomorphic (as a space with a sheaf of rings) to a quadrant in a (finite
dimensional, real) vector space, hence also to [0,∞)m ⊆ Rm. Here, a function f on a
subset B of vector space is smooth iff every v ∈ B has an open neighbourhood U such
that f |B∩U is the restriction of a smooth function on U . Any x ∈ Q has a neighbourhood
isomorphic to a neighbourhood of the origin in the product of a quadrant and a vector
space, i.e., to [0,∞)k × Rm−k ⊆ Rm for a well-defined k ∈ N called the depth of x. The
subspace Qk of all points with depth k is a smooth manifold of dimension m− k. The
closures in Q of the connected components of Qk are called the (m − k)-dimensional
faces of Q. The combinatorics ΦQ of Q is the poset of all faces, ordered by inclusion.
Faces of depth 1 are called facets.
In our situation, the momentum map µ also maps the fibre p−1(y), for y ∈ N , to
the linear subspace Ey ≤ stabtN (y)
0 ≤ t∗N . Since StabtN (y) fixes this fibre pointwise,
Proposition 6 implies that µ(U) is foliated by its intersection with the linear subspaces
Ep(β) : β ∈ U . On the other hand µ(U) is an open neighbourhood of z = µ(α), and
shrinking U if necessary, we may assume that the foliation of µ(U) is regular, so that the
leaf space is isomorphic to an open neighbourhood of zero in the product of a quadrant
with stabtN (α)
0/Ez.
Corollary 1. The orbit space N/TN has the structure of a manifold with corners such
that the quotient map induces a poset isomorphism from ΦN to ΦN/TN .
Remark 5. We shall also need to know that the symplectic slices in Lemma 3 may be
chosen compatible with the foliation of UD over M . For this recall that the Symplectic
Slice Theorem proceeds by constructing a differentiable slice to TN · α in UD and then
using the Equivariant Relative Darboux Theorem to standardize the symplectic form
on Y = TN ×StabTN (α) (W
α⊕ h0α). Now although the TN orbit of the fibre over z ∈ N is
µ−1χ (Ez), with Ez ≤ h
0
α, there is no reason to suppose a priori that the foliation of this
orbit over M is compatible with the fibration over TN · α ∼= TN/StabTN (α).
To establish this, we use the transitive action of equivariant symplectomorphisms on
angular coordinates. Since we have not found a local proof of this in the literature,
TORIC CONTACT GEOMETRY IN ARBITRARY CODIMENSION 13
we sketch it here, using arguments from [26]. First, we recall from Lemma 5 that W α
is a direct sum of 2-dimensional weight spaces W1, . . .Wk where 0 ≤ k = dim hα ≤
m. Compatible complex structures on each Wj yield TN -invariant angular coordinates
θ1, . . . θk on Y0 = {[g, w1+ · · ·wk+ ξ] ∈ Y | wi 6= 0}. The level surfaces of θ1, . . . θk form
a TN -invariant coisotropic foliation of Y0. Extending by angular coordinates on TN · α
(pulled back to Y0, we obtain an TN -invariant lagrangian foliation F0 of Y0, singular
along the special orbits wi = 0. The fibres of UD →M need not lie in these leaves, but
they do lie in the coisotropic foliation. Thus the coisotropic foliation contains an TN -
invariant lagrangian foliation F1 containing the fibres of UD and tangent to F0 along
the singular orbits. On a neighbourhood of the zero section of Y , there is therefore
an TN -equivariant diffeomorphism, equal to the identity along the zero section, pulling
back F1 to F0. The pullback of Ωχ is thus a TN -invariant symplectic form Ω1 agreeing
with Ωχ along the zero section, and F0 is lagrangian for both Ω1 and Ωχ.
We now apply the Equivariant Moser Lemma, using the observation that for equivari-
ant differential forms on the total space of an equivariant vector bundle, the homotopy
operator can be defined by
I(β) =
∫ 1
0
σ∗t (ιXtβ)dt,
where σt denotes fibrewise scalar-multiplication by t and Xt is its derivative (the radial
vector field). Now, following [26], we set β = Ω1 − Ωχ and Ωt = Ωχ + tβ, noting that
Ωt is symplectic for t ∈ [0, 1] and that β = dα with α = I(β), so we may define Yt
by α = −ιYtΩt; the local flow φt then satisfies that φ
∗
tΩt is independent of t, so that
φ∗1Ω1 = φ
∗
0Ω0 = Ωχ. However for any ξ tangent to F0,
Ωt(Yt, ξ) = −α(ξ) = −
∫ 1
0
σ∗t (Ω1 − Ωχ)(Xt, ξ) = 0
since Xt is radial, hence also tangent to F0, and F0 is isotropic with respect to both Ω1
and Ωχ. Indeed it is maximal isotropic, and so it follows that Yt is tangent to F0 for all
t. Hence φt preserves F0. We now have a symplectic slice for UD along TN · α in which
the fibre over z is contained in F0 ∩ µ−1χ (Ez), hence in a fibre of Y over TN · α.
3.2. The toric symplectic cone and Levi pairs. We combine the local theory of
the previous section with Proposition 5 to establish global properties of toric contact
manifolds of Reeb type. We use the setting of Strategem 1 in which pairs (g, λ) are
given by linear maps L : tN → h with d ◦L = u : tN → k. Recall that a convex polytope
∆ in the m-dimensional affine space A = (ε⊤)−1(1) ⊆ h∗ is a subset of the form
∆ := {ξ ∈ A | ∀s ∈ S, Ls(ξ) ≥ 0}
where S is a finite set, and Ls ∈ h (an affine function on A) for each s ∈ S.
Definition 12. Given ∆ ⊆ A as above, and ξ ∈ A, let Sξ = {s ∈ S | Ls(ξ) = 0} and
Φ∆ = {Sξ ⊆ S | ξ ∈ ∆} with the induced partial ordering. We assume ∅ ∈ Φ∆ (so
∆ ⊆ A has nonempty interior) and all singletons {s} : s ∈ S belong to Φ∆ (otherwise
we may discard s without changing ∆). The poset Φ∆ is then called the combinatorics
of ∆; it is isomorphic to the poset of closed faces of F of ∆ via the map sending S ∈ Φ∆
to FS = {ξ ∈ ∆ | S ⊆ Sξ} = {ξ ∈ ∆ | ∀s ∈ S, Ls(ξ) = 0}—in particular S∅ = ∆, and
s ∈ S may be identified with the facet (codimension one face) Fs := F{s}. Any closed
face is the intersection of the facets containing it: FS =
⋂
s∈S Fs. We say ∆ is simple
if every vertex is m-valent (or equivalently Φ∆ is a simplicial set: if S
′ ⊆ S ∈ Φ∆ then
S ′ ∈ Φ∆). In this case ∆ is a manifold with corners.
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Recall also from Definition 10 that the combinatorics of N is the poset ΦN of closed
orbit strata of N . The analogue of a facet is a closed orbit stratum stabilized by a circle,
so we take S to be (in bijection with) this subset of ΦN , i.e., for each s ∈ S, Ns ∈ ΦN
is a connected component of NHs where Hs = {exp(tes) : t ∈ R} ≤ TN is a circle with
primitive generators ±es ∈ Λ ⊆ tN .
Definition 13. Let (N,D,K) be a connected toric contact manifold. For any nonde-
generate Levi pair (g, λ), we denote by U (g,λ) the connected component of UD containing
ηλ(N). We say U ⊆ UD is a Reeb component of UD if U = U (g,λ) for some nondegenerate
Levi pair (g, λ).
Clearly a Reeb component exists if and only if the contact action has Reeb type.
Theorem 1. Suppose (N,D,K) is a (compact, connected) toric contact manifold, and
let Ns : s ∈ S index the closed orbit strata stabilized by a circle.
(i) For any Reeb component U of UD, the signs of the primitive generators es may be
chosen uniquely so that for all s ∈ S, 〈µ, es〉 ≥ 0 on U . Furthermore, for any α ∈ U ,
the es with 〈µ(α), es〉 = 0 are linearly independent elements of E0p(α) ≤ tN .
(ii) If U = U (g,λ) for a nondegenerate Levi pair (g, λ), then the image of the horizontal
momentum map µλ : N → A ⊆ h∗ is the compact simple convex polytope ∆ = ∆g,λ in A
defined by the affine functions Ls := L(es). Furthermore the fibres of µ
λ are TN -orbits,
and if µλ(z) is in the interior of a face F then the annihilator of the tangent space to
F at z is u(stabtN (z)) ≤ k
∼= T ∗µλ(z)A.
In particular, µλ induces a poset isomorphism of ΦN with Φ∆, sending Ns to Fs for
all s ∈ S (so both ΦN and Φ∆ are simplicial sets), and the restriction of µλ to an orbit
stratum is a submersion over the interior of the corresponding face.
Proof. First note that by Lemma 5, the orbit strata have connected stabilizers, so
Ns : s ∈ S are the maximal proper strata in ΦN ; furthermore 〈µ(Ns), es〉 = 0.
Proposition 6 shows that the connected components of the fibres of µ : UD → t
∗
N are
TN orbits, and if α ∈ Ns with stabilizer <exp(tes)>, then µ maps a neighbourhood of
TN · α to a half space bounded by 〈µ, es〉 = 0.
Given a nondegenerate Levi pair (g, λ), Proposition 5 implies, by choosing a basis
for a complement to the image of ker λ in tN , that the image ∆ of µ
λ is the convex
hull of the points µλ(z) where Kgz = Kz, and that the fibres of µ
λ are connected. Since
L⊤◦µλ = µ◦ηλ is the restriction of µ to ηλ(N) = µg−1(λ), the fibres of µλ are TN -orbits
and we may choose the signs of es so that Ls := L(es) ≥ 0 on ∆.
Since µ maps the fibres of UD ⊆ D0 → N linearly onto t∗N (sending D
0
z to Ez ≤ t
∗
N)
these signs ensure 〈µ, es〉 ≥ 0 on the Reeb component containing ηλ(N), proving (i).
The explicit local description of Proposition 6 now shows that ∆ is the compact
convex polytope on which Ls ≥ 0 and that this polytope is simple with the stated face
and submersive properties, proving (ii). The last part now follows. 
We may assume, if necessary, that the primitive generators es : s ∈ S span tN :
otherwise, there is a nontrivial subtorus H of TN acting freely on N and transversely
to D. Thus N is a principal H-bundle over a toric contact manifold (N/H,D/H).
Conversely, any principal torus bundle with connection over a toric contact manifold
is toric contact as well. There is no reason to suppose that es : s ∈ S are linearly
dependent, or even distinct, but the case that they form a basis is of particular interest.
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Example 4. Theorem 1 associates to every Reeb component of a toric contact manifold,
a simple convex polytope
∆ := {ξ ∈ A = (ε⊤)−1(1) ⊆ h∗ | ∀s ∈ S, Ls(ξ) ≥ 0}
which is labelled in the sense that the affine functions Ls ∈ h, parametrized by the set
S of facets of ∆, are given, whereas in general they are only determined by ∆ up to
rescaling by a positive real number. Let ZS be the free abelian group generated by S,
let tS = ZS ⊗Z R and CS = ZS ⊗Z C be the corresponding free vector spaces over R and
C, and let TS = tS/2πZS. Denote the generators of ZS ⊆ tS ⊆ CS by es : s ∈ S. The
affine functions Ls are encoded by the induced linear map L : tS → h with L(es) = Ls.
Conversely, given a simple labelled polytope (∆,L), we now exhibit many toric con-
tact manifolds with a Reeb component inducing these data. For this, we first observe
that TS and T
C
S
= CS/2πZS ∼= C
×
S
act diagonally on CS, via [
∑
s tses] · (
∑
s zses) =∑
s exp(its)zses. The action of TS on CS is hamiltonian with respect to the standard
symplectic form ωS on S and has a momentum map σ : CS → t∗S defined by
(10) 〈σ(z), es〉 = σs(z) =
1
2
|zs|
2,
where zs : CS → C denote the standard (linear) complex coordinates on CS. We define
g = ker(d ◦L : tS → k) and let ιg : g →֒ tS denote the inclusion. Since L ◦ ιg takes values
in ker d there is a unique λ ∈ g∗ with L ◦ ιg = ε ◦ λ. We now define
N := (F ◦ σ)−1(0) with F = ι⊤g − λ : t
∗
S → g
∗.
Since ∆ is simple, λ is a regular value of ι⊤g ◦σ which is a momentum map for the action
of g. Thus we get that Kg has full rank everywhere on N . Denote by τS, a primitive
of ωS such that τS(Kw) = 〈σ, w〉 for every w ∈ tS (for e.g. take τS =
∑
s∈S d
c
σs). By
definition, N = {z ∈ CS | 〈σz, w〉 = 〈λ, w〉 ∀w ∈ g}. Hence, on N , for any w ∈ g we
have τS(Kw) = 〈λ, w〉 and Kker λ ⊆ ker τS. Observe that the convexity of ∆ implies
that g ∩ (R>0)S is not empty. In particular, there exists w ∈ g such that τS(Kw) =∑
s∈Sws|zs|
2 6= 0 which ensures that the rank of (ker τS) ∩ TN is 2m + ℓ − 1. Any
complementary bundle D of Kker λ in (ker τS) ∩ TN is contact and admits (g, λ) as a
Levi pair. Indeed, for any local sections X, Y ∈ Γ(D), where D ⊆ ker τS we have
ω(X, Y ) = dτS(X, Y ) = −τS([X, Y ]),
whereas ω is nondegenerate on TN/Kg (by symplectic reduction) and thus on D.
IfD is TS-invariant we get a contact toric manifold (N,D,K) together with a Levi pair
(g, λ) for which the pull back of τS is the contact form η
λ. Recall that the momentum
map µ of TS at α ∈ D0 is defined by 〈µα, v〉 = α(Kv) for all v ∈ t∗S. Thus 〈L
⊤ ◦µλ, v〉 =
〈µ◦ τS, v〉 =
∑
s∈S vs|zs|
2 and L⊤(imµλ) = (ι⊤g )
−1(λ)∩ imσ coincides with L⊤(∆). Such
contact distributions exist—for instance D = (ker τS) ∩
(⋂
w∈kerλ ker(d
c〈σ, w〉)
)
works.
In this example, there is a close connection with the Delzant–Lerman–Tolman con-
struction of toric symplectic orbifolds. More generally, we have the following.
Remark 6. If (g, λ) be a nondegenerate Levi pair for (N,D,K) then there is a subtorus
G ≤ TN with Lie algebra g if and only if the lattice of circle subgroups in tN is mapped,
via u, to a lattice Λ in k containing spanZ{us = u(es) | s ∈ S}. In this case, the quotient
(N/G, dηλ|
D
,TN/G) is a toric symplectic orbifold, and µ
λ descends to a momentum map
on N/G. If [z] ∈ N/G such that µλ(z) ∈ FS for some S ⊆ S in Φ∆, then the stabilizer
of z in TN = tN/2πΛ is connected and stabtN (z) = spanR{es | s ∈ S}. An element
[v] = [
∑
s∈S tses] of the stabilizer of z in TN is in G iff
∑
s∈S tsus ∈ Λ, and is zero iff
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ts ∈ Z for all s ∈ S. Hence the orbifold structure group of [z] (the stabilizer of z in G)
is isomorphic to (Λ ∩ spanR{us | s ∈ S})/spanZ{us | s ∈ S}.
The Delzant–Lerman–Tolman correspondence then associates the symplectic toric
orbifold N/G with (∆,L). However, if g is not the Lie algebra of a closed subtorus of
TN , the image of Λ, the lattice of circle subgroups in tN , is not sent to a lattice in k via
u and there is no preferred lattice in k. In particular, there is no reason for the polytope
∆ to be rational with respect to any lattice.
3.3. The grassmannian image. Let (N,D,K) be a (compact, connected) codimen-
sion ℓ toric contact manifold of Reeb type, and let N/TN . Corollary 1 and Theorem 1
imply that N/TN is a compact connected manifold with corners of dimension m, dif-
feomorphic to a simple polytope ∆. However, Example 4 shows that even the labelled
polytope (∆,L) is insufficient data to recover (N,D,K).
To remedy this we consider instead the grassmannian momentum map
E : N → Grℓ(t
∗
N)
z 7→ Ez = µ(D
0
z)
introduced in Definition 7: recall that if (N,D,K) is locally Reeb type, then µ maps
the fibres of D0 to ℓ-dimensional linear subspaces of t∗N . If (g, λ) is a nondegenerate
Levi pair, then by Remark 3, E takes values in Grℓ(t∗N) and 〈ψg ◦ E , λ〉 = L
⊤ ◦µλ. Since
the latter is an orbit map and E is TN -invariant, E induces an embedding of N/TN into
Grℓ(t
∗
N). This is the grassmannian image that we will use to characterize (N,D,K).
Definition 14. Let t be the Lie algebra of a compact (m + ℓ)-torus T = t/2πΛ. We
say that a manifold with corners Ξ ⊆ Grℓ(t∗), with facets Ξs : s ∈ S, is
• polyhedral, if for all s ∈ S, there is a 1-dimensional subspace Es ≤ t such that the
facet Ξs lies in the subgrassmannian Grℓ(E
0
s ) ⊆ Grℓ(t
∗);
• labelled by e = (es)s∈S if for all s ∈ S, es ∈ t \ 0 and Ξs ⊆ Grℓ(e0s).
A labelling e of Ξ determines a (possibly empty) cone
(11) Ce := {x ∈ t
∗ | ∀ s ∈ S, 〈x, es〉 ≥ 0 and Sx ∈ ΦΞ},
where Sx = {s ∈ S | 〈x, es〉 = 0}. A labelled polyhedral manifold with corners (Ξ, e) is
• rational if es ∈ Λ for all s ∈ S;
• Delzant if for each S ∈ ΦΞ, (es)s∈S is a Z-basis for Λ ∩ spanR{es | s ∈ S}.
• of Reeb type if there is an ℓ-dimensional subspace ιg : g →֒ t and λ ∈ g∗ such that
Ξ ⊆ Grgℓ(t
∗) and 〈ψg, λ〉 : Gr
g
ℓ(t
∗)→ t∗ maps Ξ bijectively to the convex polytope
(12) ∆g,λ := (ι
⊤
g )
−1(λ) ∩ Ce.
Note that the Delzant and Reeb type conditions for (g, λ) determine the labelling e.
Corollary 2. The grassmannian image Ξ of a compact toric contact manifold of Reeb
type (N,D,K) is polyhedral in Grℓ(t
∗
N ), and any Reeb component U ⊆ UD induces a
labelling e such that (Ξ, e) is Delzant of Reeb type.
We would like to show that the grassmannian image classifies toric contact manifolds
of Reeb type, following a well-known line of argument [19, 24] in the symplectic and
codimension one case, which builds on [16]. However, in higher codimension, local in-
variants obstruct a straightforward description of con(N,D), and so the method yields
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less explicit conclusions. Let ConT0 (D) be the sheaf over N/TN of TN -equivariant con-
tactomorphisms of N preserving the orbits (i.e., inducing the identity on N/TN ) and
let conT(D) be the sheaf over N/TN of TN -invariant contact vector fields on (N,D).
Note that if a contact vector field X is TN -invariant, then so is the hamiltonian fX for
its lift X˜ to UD, i.e., Ω
D(X˜, K˜v) = −dfX(K˜v) = 0 for any v ∈ tN . Since the latter span
a lagrangian subspace on a dense open set, X˜α = K˜v˜(α),α for some tN -valued function
of the form v˜ = p∗v (since X˜ is tN -invariant). Hence for any z ∈ N , Xz = Kv(z),z is
tangent to the TN -orbit through z.
Lemma 6. There is an exact sequence of sheaves over N/TN :
(13) 0→ 2πΛ→ conT(D)→ ConT0 (D)→ 0,
where the first nontrivial map is the inclusion of the locally constant sheaf associated to
2πΛ ⊆ tN into conT(D) and the second is the time 1 flow of a contact vector field.
Proof. Exactness at the first two steps is straightforward, following [19, 24]; surjectivity
of the second map is less so. However, given a contactomorphism φ in ConT0 (U,D) over a
TN -invariant open subset U ofN , the lift φ˜ to p
−1(U) preserves τD, hence the momentum
map µ, hence the TN -orbits. Thus [16, Theorem 3.1] shows that for U sufficiently
small, φ˜(α) = exp(v˜(α)) · α for a smooth TN -invariant function v˜ : p
−1(U)→ tN . Since
p(φ˜(α)) = φ(p(α)), exp(v˜(α)) · p(α) = φ(p(α)) and so we may assume v˜ = p∗(v) for a
smooth TN -invariant function v : U → tN . Thus φ˜ = ψ1, where ψt is the flow of the
projectable vector field X˜α = K˜v(p(α)),α (this flow exists because X˜ is tangent to the
compact TN orbits).
We now show that X˜ is the lift to p−1(U) of a infinitesimal contactomorphism. First
note that since the TN -orbits are isotropic, Ω
D(X˜,Kw) = 0 for all w ∈ tN and hence
LX˜τ
D = ιX˜Ω
D + dιX˜τ
D is a basic 1-form with respect to the TN action. Since ψ1 = ψ˜
and ψ0 = Id preserve τ
D,
0 = ψ∗1τ
D − ψ∗0τ
D =
∫ 1
0
d
dt
ψ∗t τ
D
dt =
∫ 1
0
ψ∗t (LX˜τ
D) dt =
∫ 1
0
LX˜τ
D
dt = LX˜τ
D,
where in the penultimate step, we have used that ψt induces the identity on the
p−1(U)/TN , and so preserves basic 1-forms. 
Identifying N/TN with Ξ via the grassmannian momentum map, we may view (13)
as an exact sequence of sheaves on Ξ.
Proposition 7. Let (N,D,K) be a toric contact manifold of Reeb type with grassman-
nian image Ξ. Then toric contact manifolds of Reeb type with the same grassmannian
image are parametrized up to isomorphism by H1(Ξ, conT(D)).
Proof. Suppose N ′ has the same grassmannian image. This induces a diffeomorphism
between N/T and N ′/T. It follows from Remark 5 that N and N ′ are locally isomor-
phic by a fibre preserving contactomorphism. Thus a standard argument [16, 19, 24]
shows that N ′ determines and is determined up to isomorphism by an element of
H1(Ξ,ConT0 (D)). However, since N has Reeb type, Ξ is diffeomorphic to a simple
convex polytope, and hence is contractible, so H i(Ξ, 2πΛ) = 0 for i ≥ 1. Thus by the
long exact sequence associated to (13), H1(Ξ,ConT0 (D))
∼= H1(Ξ, conT(D)). 
In order to understand the sheaf conT(D), it is convenient to introduce a transversal
subalgebra g ≤ tN which is the Lie algebra of a subtorus G ≤ TN and has Cg ⊆ g∗
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nonempty. Thus N is a principal G-bundle over a compact orbifold M = N/G, and D
defines a TM := TN/G-invariant principal G-connection η on N →M , cf. Example 2.
Definition 15. A toric ℓ-symplectic manifold (or orbifold) is a 2m-manifold (or orb-
ifold) M with an effective action of an m-torus TM together with a TM -invariant prin-
cipal G-bundle π : N → M with connection η, for G an ℓ-torus, such that for some
λ ∈ g∗, 〈ω, λ〉 is nondegenerate, where ω ∈ Ω2(M, g) is the curvature of η.
In this setting, (N,D = ker η) is a toric contact manifold (or orbifold) of dimension
ℓ under an extension TN of TM by G, the induced action of g is transversal, and 〈Ω, λ〉
is nondegenerate (hence a symplectic form on M) iff λ ∈ Cg, i.e., (g, λ) is a Levi pair.
Proposition 8. Let M be a toric ℓ-symplectic manifold with associated toric contact
manifold (N,D,TN). For Z ∈ conT(D), viewed as a sheaf on N , we may write η(Z) =
π∗fZ and this defines an isomorphism between con
T(D) and the sheaf of TM -invariant
g-valued functions f on M such that df = −ιXω for some vector field X.
Proof. For Z ∈ conT(D), η(Z) is G-invariant, hence of the form π∗fZ for some g-valued
function fZ on M , which is TM -invariant because η(Z) is TN -invariant. However, since
Z is contact 0 = LZη = ιZdη + π∗dfZ , so if fZ = 0 on an open subset of M , ιZdη = 0
on its inverse image in N , and hence Z = 0 (since dη is nondegenerate on the kernel
of η). Since ιZdη is G-invariant, and vanishes on generators of the G-action, it is
basic. However dη = π∗ω, so Z is projectable, to a vector field X with ιXω = −dfZ .
Conversely, for any TM -invariant g-valued functions f with df = −ιXω for some vector
field X , we may take Z = XH+〈π∗f,Kg〉, where XH is the horizontal lift of X to D and
Kg : g → conT(D) generate the infinitesimal action of g on N . Then Z is TN -invariant
with η(Z) = π∗f , and LZη = ιZdη + π∗dfZ = π∗(ιXω + df) = 0, so Z is contact. 
Note that the vector field X here is ℓ-hamiltonian, in the sense that it has a hamil-
tonian with respect to every (nondegenerate) component of ω. When ℓ = 1, or more
generally, when the Levi form has rank one image (the ℓ-contact manifolds of [6, 11]—
cf. Examples 1 (iii)), this places no condition on f , so conT(D) is isomorphic to the
sheaf of functions on M/TM = Ξ, which is a fine sheaf, so H
1(Ξ, conT(D)) = 0.
We also have the following generalization.
Proposition 9. If N is a product of codimension one contact manifolds of Reeb type,
then H1(Ξ, conT(D)) = 0.
Proof. We take G to be the product of transverse actions on each factor, so that M =
N/G is a product of symplectic manifolds (Mi, ωi) : i ∈ {1, . . . ℓ} and ω = ω1⊕· · ·⊕ωℓ ∈
Ω2(M,Rℓ). Now for any vector field X on M , −ιXω = (α1, . . . αℓ) where αi is a section
of the pullback of T ∗Mi toM , viewed as a subbundle of T
∗M . For this to be of the form
(df1, . . .dfℓ) for functions f1, . . . fℓ on M , we must have dfi(Xj) = 0 whenever Xj is
tangent to Mj for j 6= i. Hence f1, . . . fℓ are locally pullbacks from M1, . . .Mℓ, and are
otherwise constrained only by TN -invariance. Thus con
T(D) is a product of pullbacks
of fine sheaves, so has H1(Ξ, conT(D)) = 0. 
This result applies in particular to products of spheres.
3.4. Existence. It remains to construct a toric contact manifold of Reeb type from a
Delzant, Reeb type, labelled polyhedral manifold with corners (Ξ, e) in Grℓ(t
∗).
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Theorem 2. Let t be the Lie algebra of a (ℓ +m)-dimensional torus T = t/2πΛ and
(Ξ, e) be a Delzant, Reeb type, labelled polyhedral manifold with corners in Grℓ(t
∗).
There is a codimension ℓ compact toric contact manifold with a Reeb component whose
associated labelled manifold with corners is (Ξ, e).
Proof. The Reeb type condition implies there exist ιg : g →֒ t and λ ∈ g∗ such that
〈ψg, λ〉 : Ξ→ ∆g,λ is a diffeomorphism, with ∆g,λ defined by (12). This condition is open
in λ (by compactness of Ξ, cf. Remark 2), so for λ′ in a contractible open neighbourhood
N of λ ∈ g∗, 〈ψg, λ′〉 is a diffeomorphism from Ξ to ∆g,λ. Thus
V := (ι⊤g )
−1(N ) ∩ Ce
(with Ce defined by (11)) is foliated by its intersections with ξ ∈ Ξ, i.e., it has a foliation
F with leaf space Ξ and leaves Fξ := V ∩ ξ for ξ ∈ Ξ. Note that F is compatible with
the face decomposition of V : for any S ∈ ΦΞ and any ξ ∈ ΞS, Fξ ⊆ VS := {x ∈ V |
∀ s ∈ S, 〈x, es〉 = 0}. Let V˜ be open in t∗ with V = V˜ ∩ Ce.
We now use a variant of the Delzant construction, cf. [19], to build a toric symplectic
2(m + ℓ)-manifold (M,ω) under T. First, since V˜ × T →֒ t∗ × T ≃ T ∗T, it is a toric
symplectic manifold with momentum map
x : V˜ × T→ t∗
induced by the embedding of the first factor into t∗. It has T-invariant symplectic form
ω˜ = 〈dx ∧ dθ〉, where θ : T→ t/2πΛ are the tautological angular coordinates on T.
Next, as in Example 4, let ZS be the free abelian group generated by S, let tS =
ZS ⊗Z R and CS = ZS ⊗Z C be the corresponding free vector spaces over R and C,
and let TS = tS/2πZS. Since (Ξ, e) is rational, the map s 7→ es ∈ Λ induces a group
homomorphism ZS → Λ and hence also homomorphisms π : TS → T and π∗ : RS → t.
We now consider the action of γ ∈ TS on V˜ × T× CS by
(14) γ · (x, [θ], z) = (x, π(γ) · [θ], γ · z)
where T acts on T and TS on CS in the standard ways. This action is Hamiltonian for
the symplectic form ω˜ ⊕ (−ωstd) on (V˜ × T)× CS with momentum map
φ : V˜ × T× CS → R
∗
S
∼= RS
(x, [θ], z) 7→
(
ls(x)−
1
2
|zs|
2
)
s∈S
.
(15)
where ls(x) := 〈x, es〉 are the linear maps defining Ce. We now show that TS acts freely
on φ−1(0). Indeed, if x ∈ V˜ \V then φ(x, [θ], z) < 0 and so
(16) φ−1(0) =
⋃
x∈V
(
{x} × T× TS(x)
)
where TS(x) :=
∏
s∈S S
1
ls(x)
and S1ls(x) =
{
z ∈ C
∣∣ 1
2
|z|2 = ls(x)
}
is a circle of radius√
2ls(x) ≥ 0. Hence if γ ∈ StabTS(x, [θ], z) then for all s ∈ S, either γs = 0 or ls(x) = 0.
Now for x ∈ V , Sx := {s ∈ S | ls(x) = 0} is in ΦΞ and so es : s ∈ Sx are linearly
independent. Indeed by the Delzant condition, they belong to a basis for Λ, and so if
π(γ) = 0 then γ = 0.
Consequently, the symplectic reduction of V˜ × T × CS at 0 with respect to the ac-
tion (14) of TS is a smooth symplectic manifold (M,ω). Observe that the natural action
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of T on the second factor of V˜ × T × CS commutes with the action (14) of TS and de-
scends to an effective action on M , whose momentum map µ : M → t∗ is determined
by µ ◦ q = x|φ−1(0) where q : φ
−1(0)→M is the quotient by TS.
The foliation F of V induces a TS-invariant isotropic foliation of φ
−1(0) ⊆ V ×T×CS,
which descends to a T-invariant isotropic foliation G of M . Note that Ng,λ := µ−1(∆g,λ)
is a global transversal submanifold, i.e., meets each leaf of G in a single point. Moreover,
Ng,λ is smooth, compact (recall that µ is proper) and T-invariant. Thus the space of
leaves N := M/G is T-equivariantly diffeomorphic to Ng,λ. We denote by f : M → N
the quotient map with Gz = f−1(z). The momentum map µ : M → V is an orbit map
for T, and it descends to a T-invariant map E : N → Ξ, hence a rank ℓ subbundle
E ≤ N × t∗ over N with fibre Ez = E(z) such that, for z ∈ N , we have µ(Gz) = FEz .
On the other hand, the symplectic quotient construction provides action angle coor-
dinates on M˚ := µ−1(V˚ ), that is a splitting of the sequence
0→ M˚ × t
κ
−→ TM˚
dµ
−→ M˚ × t∗ → 0
which identifies
(17) TM˚ ≃ M˚ × (t ⊕ t∗)
such that the symplectic structure ω restricted on M˚ coincides with the fibrewise pairing
on the left side. Now observe that via the identification (17), the pullback of E0 ⊕ t∗ ≤
N × (t ⊕ t∗) on M , that is f ∗(E0 ⊕ t∗) → M , coincides over M˚ with TG⊥ω . Hence
TG⊥ω is projectable on N˚ := f(M˚). However a distribution containing TG is (locally)
projectable if and only if it is preserved by Lie derivatives along vector fields in TG.
Hence TG⊥ω is projectable on M by continuity.
We now show that D := f∗(TG⊥ω) ≤ TN , a rank 2m distribution on N , is contact.
If we denote v = x ∂
∂x
∈ TV the vector field induce from the R∗-action of dilation, v is
obviously tangent to each leaf of F and thus defines a vector field Y on M such that
LY ω = dιY ω = ω. In particular, ιY ω is a primitive 1-form whose kernel contains TG⊥ω ,
and by using the same argument as in Example 4, we conclude that D is contact. 
Remark 7. If we begin the construction with (Ξ, e) rational instead of Delzant, we obtain
instead a toric contact orbifold.
Appendix A. Affine geometry of natural momentum maps
Let (M,ω) be a connected symplectic manifold; then the symplectic gradient gradω f
of a smooth function f is the unique vector field X with df = −iXω. The image of
gradω is the Lie subalgebra ham(M,ω) ≤ C
∞(M,TM) of hamiltonian vector fields, and
there is an exact sequence
0→ R→ C∞(M,R)
grad
ω−→ ham(M,ω)→ 0
of Lie algebras, where C∞(M,R) (the space of smooth functions) is a Lie algebra under
Poisson bracket, and R is included as the (central) ideal of constant functions. For any
(local) action of a Lie algebra k on M by hamiltonian vector fields, i.e., any Lie algebra
morphism k→ ham(M,ω), this exact sequence pulls back to a central extension
0→ R
ε
→ h→ k→ 0
of Lie algebras—if k is a Lie subalgebra of ham(M,ω), then h ≤ C∞(M,R) is the space
of hamiltonian generators f of the action (i.e., with gradω f ∈ k). Such an extension
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has an interpretation in affine geometry: dual to the inclusion ε : R → h, we have a
surjection ε⊤ : h∗ → R and hence an exact sequence
0→ k∗ → h∗
ε⊤
→ R→ 0.
The inverse image of 1 ∈ R under ε⊤ is an affine subspace A := (ε⊤)−1(1) of h∗,
modelled on k∗. The space of affine functions f : A → R is canonically isomorphic to
h: the projection of f to k, viewed as a linear form on k∗, is its derivative df (at every
point of A), and the constant functions are ε(c), c ∈ R.
Definition 16. Let k →֒ ham(M,ω) be a (local, effective) action by hamiltonian vector
fields, and identify the extension h of k with its image in C∞(M,R). The natural
momentum map µ : M → A ⊆ h∗ is defined by 〈µ(x), f〉 = f(x) for x ∈M and f ∈ h.
A (local, effective) action by hamiltonian vector fields is called a hamiltonian action
if the extension h → k has a (Lie algebra) splitting. However, if the splitting is not
unique, it can be more convenient to work with the natural momentum map rather than
its projection onto k∗ using a splitting. If k is abelian, then the action is hamiltonian iff
h is also abelian, i.e., the hamiltonian generators Poisson commute.
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